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Abstract
Some RF and microwave measurements pose difficulties for uncertainty calculations. A case in point is when the magnitude of the complex reflection coefficient
of a weakly reflecting device is measured, such as a load or power sensor. To
investigate this, simulations are used to generate a large number of independent
sets of data for testing different calculation methods. We find that, while several standard methods of calculating uncertainty perform badly, a simple ad hoc
modification can overcome these problems. The study shows that the simulation
approach is a pragmatic way of assessing uncertainty calculation performance.

1 Introduction
Different methods have been proposed for calculating measurement uncertainty [1, 2,
3]. In most well-designed measurements, there is an almost linear relationship between
the quantity to be measured and any quantities that contribute to the measurement result. In such cases the standard methods of uncertainty calculation usually perform
well and are in agreement. However, there are situations where different methods of
uncertainty calculation do not produce equivalent results when applied to the same set
of data. The question is then: which, if any, of the uncertainty statements is correct?
To assess the performance of uncertainty calculation methods, simulated sets of data
can be used [4]. The idea is quite simple. When experiments are simulated, the quantity intended to be measured (the measurand) is known, whereas it is not known in
actual experiments. So, having simulated some experimental data and carried out the
uncertainty calculation, one can check whether the uncertainty interval obtained has
been ‘successful’ in bracketing the measurand. Moreover, it is possible to simulate
many independent experiments and assess the long-run success rate of a method when
applied to data typical of a particular measurement procedure. The success rate provides a measure of the ‘level of confidence’, or ‘coverage probability’, which is the
performance parameter usually specified for methods of uncertainty calculation. An
acceptable method of uncertainty calculation should generate intervals that contain the
measurand on most occasions (typically, a level of confidence of 95% is used in metrolc IEEE. This is an author-created, un-copyedited version of an article accepted for publication (74th ARFTG Microwave Measurement Symposium), Broomfield, CO, Dec. 2009; DOI:
10.1109/ARFTG74.2009.5439108).
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ogy). A procedure that cannot do this under test conditions is surely of little use in real
measurements.
In this paper, the simulation method is applied to measurements of the complex reflection coefficient of a weakly reflecting object. The case is of practical interest to the RF
measurement community because devices are often designed specifically to have small
reflection coefficients. For instance, low-reflection loads are often used as calibration
standards for network analyzers, and power sensors have a low reflection coefficient to
reduce mismatch errors. Measurements are made to characterize the magnitude of such
devices, and it is also of interest in some calibration work to characterize the squared
magnitude of reflection coefficients.
Low reflection coefficient measurements pose difficulties for uncertainty calculations
for two reasons. First, the quantity of interest has a lower bound, because the magnitude
of a reflection coefficient cannot be negative. Second, the non-linearity of the transformation from rectangular to polar coordinates near the origin may violate assumptions
made by some methods.
The intent of the paper is to show that simulation of measurement scenarios is a pragmatic way of assessing the performance of uncertainty calculations. The author has no
wish to discourage use of the general methods of uncertainty calculation investigated.
On the contrary, the verification process described here can be used to enhance confidence in their use, or, if problems are found, it allows ad hoc changes to a method to be
investigated so that performance can be improved in specific types of measurement.

2 The Measurement Scenario
We consider measurements of a complex quantity Γ = Γ1 +jΓ2 and are interested in the
values of |Γ| and |Γ|2 . Measurement data z = z1 + jz2 are simulated, where z1 and z2
are considered to be independent, each with a standard uncertainty u that is associated
with a Gaussian distribution. Estimates of the quantities of interest, |Γ| and |Γ|2 , are
obtained from
q
|z| = z12 + z22
(1)
|z|2 = z12 + z22 .

(2)

This scenario is simple to avoid other complicating aspects of the measurement problem, such as a finite number of observations (leading to uncertainty in the value of u)
and correlation between z1 and z2 . These could easily be included in a more detailed
simulation study.

2.1 Uncertainty Calculations
Two methods of uncertainty calculation are considered. One is described in the Guide
to the Expression of Uncertainty in measurement (GUM) [1], the other is a Monte Carlo
method described in the first Supplement to the GUM (SUP) [2].

2.1.1 GUM Method
Following the Law of Propagation of Uncertainty (LPU) in the GUM, the standard
uncertainty in the measurement of |Γ| is u(|z|) = u, which does not depend on the
observed data z1 and z2 (see [4] for details). An uncertainty interval for |Γ| with a 95%
coverage level is1
[ |z| − 1.96u, |z| + 1.96u ] .
(3)
For measurements of |Γ|2 , the LPU gives a standard uncertainty u(|z|2) = 2|z|u. So an
uncertainty interval with a 95% coverage level is2
[ |z|2 − 3.92|z|u, |z|2 + 3.92|z|u ] .

(4)

2.1.2 SUP Method
The SUP method of calculating uncertainty used here can be described in a series of
steps [2]. For the measurement of |Γ| we
1. Generate sequences of samples z1i and z2i , where i = 1, · · · , L and L is a large
number, by drawing from a pair of Gaussian distributions with means z1 and z2 ,
and variance u2 .
p
2
2
+ z2i
, for i = 1, · · · , L.
2. Calculate |zi| = z1i
3. Sort these values in ascending order.
4. Take the 0.025Lth smallest value as the lower bound of the uncertainty interval.
5. Take the 0.975Lth smallest value as the upper bound of the uncertainty interval.
The result is an interval said to have 95% probability of containing |Γ|.
A similar procedure applies to the measurement of |Γ|2 except that at step 2 we calcu2
2
late |zi|2 = z1i
+ z2i
. The result is an interval said to have 95% probability of containing
2
|Γ| .

2.2 The evaluation method
To assess the long-run success rates of the GUM and SUP methods, observations are
repeatedly simulated and used as inputs to the uncertainty calculations as if they had
been obtained from independent measurements of a fixed measurand. The procedure is
as follows:
1. A value for Γ = Γ1 + jΓ2 is selected (the measurand is then the fixed value |Γ|,
or |Γ|2 ).
2. A sequence of pairs, (z1 [j], z2 [j]), j = 1, · · · , N, is drawn from independent
Gaussian distributions with means Γ1 and Γ2 , respectively, and variances u2 .
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The ±1.96 factors are the 2.5% and 97.5% points of the normal distribution.
The ±3.92 factors are simply 2 × ±1.96.

3. The GUM and SUP methods are used to obtain 95% uncertainty intervals for the
measurand from each pair.
4. An interval containing the measurand is considered a success.
5. The success-rate of each method is reported after a large number of simulations
N.
These steps assess the success-rate of a method at one fixed value of the measurand. In
order to investigate performance over a range of values, the procedure can be repeated
with different values at step 1. This is the approach taken in the next section.
The symmetry of the measurement scenario means that performance will be independent of the radial (azimuthal) coordinate of the measurand in the complex plane. So,
without loss of generality, seven Γ/u values lying along the real axis were chosen for
this study.

3 Initial Results
The performance results for |Γ| and |Γ|2 are summarised in Table 1. The columns
labeled GUM and SUP report the number of successes out of N = 1000 for the respective methods.3 In carrying out the SUP method, a Monte Carlo (MC) sample size of
L = 104 was used. The MC samples generated for |Γ| and |Γ|2 were independent.
Table 1: Successes out of 1000 for |Γ| and |Γ|2
|Γ|
|Γ|2
Γ/u
GUM SUP GUM SUP
0.1
884
0
1000
0
0.2
880
0
999
0
0.5
920
735
999
765
1.0
955
908
984
913
2.0
956
934
943
959
5.0
948
945
942
950
10.0 943
943
948
950
Although we see that the success-rates of both methods are satisfactory when Γ/u ≥ 2,
something goes wrong at lower values of Γ/u. For the SUP method, the trend in poor
performance appears the same in both measurements. When Γ/u < 0.5, the successrates drop sharply to zero coverage. On the other hand, the GUM method behaves quite
differently in the two cases. In measurements of |Γ|, GUM success-rates drop below
nominal when Γ/u < 0.5, while in measurements of |Γ|2 , the success-rates are much
higher than nominal, almost perfect in fact.
A particularity of the SUP method used here is that none of the MC uncertainty intervals
generated will ever include the origin. For example, Figure 1 shows the histogram of
3

Some variability in the number of successes observed can be expected. For
pa success-rate of p =
0.95, the standard deviation of the number of successes observed is roughly N p(1 − p), which is
approximately equal to 7 with N = 1000.
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Figure 1: Histogram of a Monte Carlo sample of magnitudes |zi| generated for an
observed value z = 0 + j0 and u = 1. The lower bound of the uncertainty interval
found in this sample is at 0.224.
a MC sample of |zi| generated when z = 0 + j0. For this sample, the SUP method
finds a lower bound to the right of the origin at |zi | = 0.224, because, as described in
section 2.2, the smallest 250 values in the MC sample are excluded from the interval.
Since no other value of z can produce a MC sample with a lesser lower bound, we see
that the SUP method cannot perform well with small measurands.
The GUM method, on the other hand, can generate uncertainty intervals with negative
lower bounds. This is sometimes interpreted as a symptom of method-failure in particular situations. However, a negative lower bound does not present a problem: we may
simply reset that bound to zero, which narrows the interval [5, §2.3].
Nonetheless, the GUM method is based on a linear approximation to the measurement
function in the region of interest, which is a concern in this problem. We believe that
the high success-rates observed in the measurement of |Γ|2 are due to the breakdown
of this approximation. Indeed, in both measurement scenarios one might have expected
that the SUP method would show superior performance to the GUM method, because
the SUP method does not make this linear approximation.

4 Single-sided intervals
It appears that a bias away from the origin in the lower bound is affecting the performance SUP-method when Γ/u < 0.5. We therefore consider an adaptive modification
to that algorithm (SUP-II) as follows. At the start of each uncertainty calculation we
determine t = |z|/u. Then, if t < τ for some fixed value of τ , we set the lower bound
of the uncertainty interval to zero and take the upper bound as the 0.95Lth smallest
value, instead of carrying out steps 4 and 5 of the SUP method.

This modification is common-sense, but the value to be used for τ is not obvious. If
τ is too small, we can expect the performance problems to continue. If τ is too large,
the new method will probably generate wide uncertainty intervals making measurement
results less accurate. Simulation can be used to look for suitable τ values.
Table 2 reports the number of successes, for different values of τ , in N = 1000 simulations of measurements of fixed |Γ|.4 A good choice of this control parameter is seen
to be τ ≈ 2.5. It is interesting to note that there is a drop in performance in the τ = 2.5
results at around Γ/u = 1.

Γ/u
0.1
0.2
0.5
1
2
5
10

Table 2: Results for |Γ| using SUP-II
τ = 0 τ = 1 τ = 2 τ = 2.5 τ = 3
0
369
874
937
993
0
377
858
947
991
760
781
830
945
981
907
897
910
919
960
958
956
941
951
941
937
958
957
952
938
956
953
948
959
951

Table 3 shows the number of successes under the same simulation conditions for measurements of |Γ|2 . Again a value of τ ≈ 2.5 is suitable and we can also see a dip in
performance around Γ/u = 1.
Table 3: Results for |Γ|2 using SUP-II
Γ/u τ = 0 τ = 1 τ = 2 τ = 2.5 τ = 3
0.1
0
398
865
961
989
0.2
0
397
859
950
989
0.5
759
806
825
936
983
1
911
904
922
886
962
2
932
950
942
951
949
5
951
943
949
964
957
10
960
948
946
955
950
Having improved the SUP method substantially, a similar modification can be made
to the GUM method (GUM-II). We again determine t = |z|/u, at the start of each
calculation and use it to select between the conventional GUM algorithm and a modified
method. If t < τ , we choose the interval [ 0, |z| + 1.64u ], instead of the interval (3).5
The simulation results shown in Table 4 suggest again that τ ≈ 2.5 is a suitable value
for the control parameter.
We do not report results for the GUM-II method applied to measurements of |Γ|2 ,
because no significant change in performance was observed. Table 1 showed that the
4
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A more detailed analysis of the adaptive method applied to a measurement of |Γ| is given in [6].
The factor 1.64 is the 95% point of the normal distribution.

Table 4: Results for |Γ| using GUM-II
Γ/u τ = 0 τ = 1 τ = 2 τ = 2.5 τ = 3
0.1
874
875
881
937
993
0.2
899
875
889
947
991
0.5
935
928
935
945
981
1
946
939
953
957
960
2
967
960
956
954
943
5
942
956
956
954
952
10
956
953
948
959
951
GUM method is conservative in this problem, with high success-rates that suggest the
intervals generated may be too wide. We believe that this is due to a bias introduced
by the calculation of |z|, which is used in (4). The non-linear transformation of the
simulated coordinates z1 and z2 to a magnitude in equation (4) will produce values of |z|
that tend to be greater than |Γ|, thereby increasing the average width of the uncertainty
intervals generated.

5 Which method is better for |Γ| and |Γ|2?
For measurements of |Γ|, there is not much in the data presented so far to choose
between the SUP-II and the GUM-II methods. However, in the case of |Γ|2 our simulations suggest that the GUM and GUM-II methods are conservative, so we might be
inclined to choose the SUP-II method as best.
Nevertheless, our objective in selecting a method of uncertainty calculation must be
to obtain the most accurate results possible without sacrificing the level of confidence.
So, it is also important to look at the widths of the intervals generated. Table 5 reports
the mean widths of intervals generated for N = 1000 simulations at each measurand,
using τ = 2.5. Here we see that the GUM-II method produces narrower intervals for
|Γ|, so the GUM-II method is superior in this case. We also see that GUM-II produces
narrower intervals for measurements of |Γ|2 . In that case, we should definitely prefer
GUM-II over SUP-II, because the former generates narrower intervals (more accurate
results) at a higher success-rate than SUP-II (more likely to capture the measurand in
an uncertainty interval).
Table 5: Mean widths for |Γ| and |Γ|2 using adaptive methods
|Γ|
|Γ|2
Γ/u
GUM-II SUP-II GUM-II SUP-II
0.1
2.9
3.2
6.3
10.5
0.2
2.9
3.2
6.4
10.6
0.5
2.9
3.2
6.9
11.0
1.0
3.1
3.3
8.4
12.3
2.0
3.6
3.6
15.1
17.9
5.0
3.9
3.9
40.6
41.0
10.0
3.9
3.9
78.7
78.8

6 Discussion
Methods of evaluating measurement uncertainty are specified at some level of confidence, or coverage probability, that indicates how they are to perform over many different applications. A method’s performance cannot be determined from an application
to just one set of data. Nor can the validity of a method be determined by comparing
single uncertainty intervals obtained by applying different methods to the same set of
data.
It may be possible to verify a method’s specified level of confidence by mathematical
analysis (e.g., [6]), although in general such a task is likely to be too difficult. On the
other hand, the simulation method is relatively simple to apply in specific scenarios.
While simulation does not offer the same potential for insight and generalisation as a
mathematical analysis, it does permit an investigation to be carried out under measurement conditions that are of interest to the metrologist. This study has shown the value
of such an approach when general-purpose methods of uncertainty calculation are challenged by certain types of measurement. It has also shown that a simulation framework
can help to assess ad hoc adaptations of a more general method that may better suit
particular measurement.
It must be acknowledged that the SUP method used above is only one of several algorithms described in [2]; the single-sided algorithm incorporated in our SUP-II method is
another (see also [7]). Some metrologists may be inclined to make an ‘expert’ decision,
based on the data they obtain, choosing one or other of these algorithms to evaluate an
uncertainty statement. In so doing they are following a procedure analogous to what we
have called the SUP-II method, albeit without necessarily fixing a value for the control
parameter τ . This study found that the performance of SUP-II is quite sensitive to τ ,
which suggests that such informal practices might benefit from a similar analysis.

7 Conclusion
In this study, two standard methods of uncertainty calculation failed to achieve their
nominal coverage levels when calculating uncertainty in the magnitude, and the magnitude squared, of a device with a small complex reflection coefficient. The problem was
only identified after looking at the long run success rates of each method when applied
to many simulated data sets. It was then possible to modify the methods and achieve
improved performance in most cases.
The use of simulated data in this way is proposed as a general-purpose tool for the
verification of uncertainty calculation methods.
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